Portfolio selection is an important issue for researchers and practitioners. Compared with the conventional probabilistic mean-variance method, fuzzy number can better describe an uncertain environment with vagueness and ambiguity. In this paper, the portfolio selection model with transaction costs and lending is proposed by means of possibilistic mean and possibilistic variance under the assumption that the returns of assets are fuzzy numbers. Furthermore, a nonlinear bi-objective programming problem is presented by maximizing the future expected return and minimizing the future risk when the returns of assets are trapezoid fuzzy numbers. By using constraint method, it is converted into a single objective programming problem. Importantly, constraint method concerns better the value ranges of the future expected return and risk for solving single objective programming problem. Finally, a numerical example of the portfolio selection problem is provided to illustrate our proposed effective possibilistic means and variances, and the efficient portfolio frontier with transaction costs and lending can be easily obtained.
Introduction
As we know, portfolio selection is an important issue for researchers and practitioners. Portfolio selection is concerned with the problem of allocating one's wealth among alternative securities such that the investment goal can be achieved. The mean-variance model originally introduced by Markowitz (1952 Markowitz ( , 1959 plays an important role in the development of modern portfolio selection theory. The key principle of the mean-variance model is to use the expected return of a portfolio as the investment return and to use the variance of returns of the portfolio as the investment risk. Markowitz's portfolio model is a bi-criteria optimization problem. And the portfolio optimization problem is developed in two ways: to maximize the future expected return subject to the given greatest future risk, and to minimize the future risk subject to a required lowest future expected return.
A great deal of research work has been done on portfolio selection including these typical researchers such as Sharpe (1970) , Merton (1972) , Perold (1984) , Pang (1980) , Elton and Gruber (1991) , Fang (2006) , Giove (2006) , etc. There are many non-probabilistic factors that affect the financial market such that the return of risky asset is fuzzy uncertainty. Recently, a number of researchers investigated fuzzy portfolio selection problem. Bellman and Zadeh (1970) proposed the basic fuzzy decision theory. Carlsson and Fullér (2001) discussed some basic knowledge about possibilistic mean and variance of fuzzy numbers. Arenas et al. (2001) took into account three criteria: return, risk and liquidity and used a fuzzy goal programming approach to solve the portfolio selection problem. Ida (2004) considered portfolio selection problem with interval and fuzzy objective function coefficients as a kind of multi-objective problems concerning uncertainties. Abiyev and Menekay (2007) presented that fuzzy logic was utilized in the estimation of expected return and risk. And managers could extract useful information and estimate expected return by using not only statistical data, but also economical and financial behaviors of the companies and their business strategies. Huang (2007) gave a new definition of risk for random fuzzy portfolio selection utilizing a different perspective that returns contain both randomness and fuzziness. Vercher (2008) provided new models for portfolio selection in which the returns on securities were considered fuzzy numbers rather than random variables. The corresponding optimal portfolio was derived using semi-infinite programming in a soft framework. Chen and Huang (2009) proposed a basic portfolio selection model in which future return rates and future risks of mutual funds were represented by triangular fuzzy numbers.
Presently, more achievements in research work of portfolio selection problem have been obtained. Steuer et al. (2007) focused on investors whose purpose was to build, more broadly, a 'suitable portfolio' taking additional concerns into account. And such investors would have additional stochastic and deterministic objectives that might include liquidity, dividends, a number of securities in a portfolio, social responsibility, and so forth. Doerner et al. (2004) discussed that selecting the 'best' project portfolio out of a given set of investment proposals was a common and often critical management issue. Chiam et al. (2008) addressed evolutionary multi-objective portfolio optimization in the practical context by incorporating realistic constraints into the problem model and preference criterion into the optimization search process. Gutjahr et al. (2008) presented a new model for project portfolio selection, paying specific attention to competence development. Li and Xu (2007) discussed a possibilistic portfolio selection model with interval center values. By using modality approach and goal attainment approach, it was converted into a nonlinear goal programming problem. Moreover, a genetic algorithm was designed to obtain a satisfactory solution to the possibilistic portfolio election model under complicated constraints. Samaras and Matsatsinis (2004) discussed that Intelligent Investor was an intelligent system which aimed to support investment decisionmaking and introduced some proposed methodology and architecture of the Intelligent Investor system. Roman et al. (2006) considered the problem of constructing a portfolio which was non-dominated with respect to second order stochastic dominance and whose return distribution had specified desirable properties. Laurence and Wang (2009) derived in closed form distribution free lower bounds and optimal subreplicating strategies for spread options in a one-period static arbitrage setting. And the authors provided a partial solution in the case where the marginal distributions were constrained by two strikes per asset. Yu and Yang and Li (2009) developed the approach for portfolio optimization by introducing Lévy processes. It focused on describing the dynamics of assets'log price with Variance Gamma copula (VGC) rather than GC. Haley (2008) developed a simple, low-dimension portfolio selection rule based on minimizing the probability of realizing a return below some pre-determined benchmark or target rate. Manabu Asai, Michael McAleer (2008) developed the structure of a parsimonious Portfolio Index GARCH model. Unlike the conventional approach to Portfolio Index returns, which employed the univariate ARCH class, the PI-GARCH approach incorporated the effects on individual assets, leading to a better understanding of portfolio risk management, and achieved greater accuracy in forecasting Value-at-Risk (VaR) thresholds.
The rest of this paper is organized as follows. In Section 2, the definitions of possibilistic mean and possibilistic variance and covariance are given. In Section 3, possibilistic efficient portfolio selection with transaction costs and lending constraints is proposed as a bi-objective programming model based on possibility theory. In Section 4, constraint method is introduced and concrete computation steps are given. In Section 5, a numerical example is used to verify the effectiveness of model and constraint method, and the efficient frontier of portfolio is obtained. Section 6 concludes the paper.
Preliminaries
Let us introduce some definitions, which we shall need in the following section. A fuzzy number A is a fuzzy set of the real line R with a normal, fuzzy convex and continuous membership function of bounded support. The family of fuzzy numbers is denoted by
(the closure of the 
denote the possibilistic variance of A by
and let the possibilistic covariance of A and B be
respectively. The standard deviation of A is defined by
The following theorems show that the possibilistic mean value and possibilistic variance of linear combinations of fuzzy numbers can easily be computed in a similar manner as in probability (Carlsson and Fullér (2001) 
The possibilistic efficient portfolio selection model with transaction costs and lending
In the conventional Markowitz's mean-variance model, the return rate of risky asset is considered as a random variable. It is well known that the returns of risky assets are in a fuzzy uncertain economic environment and vary from time to time, the future states of returns and risk of risky assets cannot be predicted accurately. Fuzzy number is a more powerful tool used to describe an uncertain environment with vagueness and ambiguity. Based on these factors, we consider the portfolio selection problem under the assumption that the returns of assets are trapezoid fuzzy numbers. Let ( , , , )
According to formulae (1), (2) and (3), we can easily obtain 
respectively. Suppose an investor starts with an existing portfolio and considers reallocating his/her wealth among n risky assets and a risk-free asset in order to obtain more return. In order to describe conveniently, we use the following notations: i r denotes the expected return rate of risky asset i ( 1, 2, , ) in  ; 1 n r  denotes the constant interest rate of lending (money or a risk-free asset); i x denotes the proportion invested in risky asset
Assuming that the transaction cost is a V-shaped function of differences between a new portfolio
and the given portfolio 0
. In other words, the transaction cost i c of risky asset i ( 1, 2, , ) in  or lending ( 1) in can be expressed by 0 ()
k is the constant rate of transaction cost for the risky i ( 1, 2, , ) in  or lending ( 1) in . Therefore, the total transaction cost on portfolio
is given by
Then the net return associated with the portfolio invest proportional coefficient
after paying transaction costs is given by 11 0
According to formulae (4), (5), (6), (7), (8) and Theorems 2.1 and 2.2, the corresponding possibilistic mean and possibilistic variance of the net return r are given by
and (10) where nn H  is denoted by the covariance matrix, () n n ij n n
; and nn H  is a symmetric definite matrix. Note that the term
We use prime ( ' ) to denote matrix transposition and all non-primed vectors are column vectors for convenience. Analogous to Markowitz's mean-variance methodology for the portfolio selection problem, the possibilistic mean value of the return is termed as measure of return and the possibilistic variance of the return is termed as measure of risk. Then the possibilistic mean-variance model of portfolio selection problem can be described by the following bi-objective programming problem with linear inequality constraints: . The above possibilistic efficient portfolio selection model with transaction costs and lending (11) can be transformed a standardized bi-objective programming model with inequality constraints, and then we can easily obtain the possibilistic efficient portfolios by the following constraint method.
Constraint Method

Constraint Method Basic Ideas
Constraint method is an intuitionistic and pellucid method. By assuming a series of boundary conditions for objective functions, then a multi-objective programming problem can be transformed into a single objective programming problem. Moreover, effective solution set of multi-objective programming can be obtained by solving the corresponding single objective programming problems.
As to the following standardized multi-objective programming problem: (13) In order to obtain feasible solution of programming problem (13) , it is obvious to require max ( ), 1, 2, , . On the one hand, we have proved that we can obtain the effective solution of the original multi-objective programming problem by solving (13) . On the other hand, as to any given effective solution *
x , we always can find some  such that *
x is the optimal solution of (13). Therefore, we can obtain a subset of effective solution set for the original multi-objective programming problem by changing the values of  and q in (13), and we also can check whether the known feasible solution * D  x is effective solution of original problem or not. In order to systematically produce effective solution of multi-objective programming problem, the assumptions of liminal values must satisfy some appropriate condition. Accordingly, the value of  should firstly make sure that (13) has feasible solution. Secondly, the value of  should ensure that 1 l  constraint conditions producing from objective functions are compacted constraints, that is,
. Otherwise, we cannot ensure that the optimal solution of (13) must be effective solution. By the reason, we present the concrete constraint method steps of solving multi-objective programming problem.
Constraint Method Computation Steps
Step1: Solve l single objective programming problems respectively, namely 
Numerical Example
In order to illustrate our proposed effective means and variances of the efficient portfolio in this paper, we considered a real portfolio selection example. In this example, we selected five stocks from Shanghai Stock Exchange, and their returns ( 1, 2, ,5) i ri are regarded as trapezoid fuzzy numbers. Based on the historical data, the future information, the advices of experts and the corporations' We assume that an investor not only consider to add one new stock for his/her investment but also may lend money or a risk free asset. Furthermore, we assume that he/she will not invest additional capital during the portfolio adjusting process. Let the proportions of the stocks in the existing portfolio be 0 . Now the adjusting portfolio model proposed in the paper is used to reallocate the investor' assets. We assume that the upper and lower bounds of the proportions of five stocks owned by the investor are 
And model (14) with absolute value constraints is equivalent to the following model (15) Then, we will solve for the model (15) using constraint method in Section 4.
Step1: Solve for the optimal solution as to every single objective programming. It is obvious that we have the following two single objective programming models (16) and (17) 
It is easy to obtain the corresponding optimal solutions and objective function values: as to (16): (1) (1) max (0, 0, 0.1, 0.4, 0.5, 0) ,
as to (17): (2) (2) min (0.3, 0.2, 0, 0, 0, 0.5) , ( Step5: The obtained solution in Step4 is unique solution for (18) and (19), hence it is also effective solution for the original problem (14) . Thus, as to different values of ,
M Var
, we can obtain the following effective solutions and objective function values of (14) in Table 3 : According to the data in Table 3 , we can draw the corresponding efficient frontier with transaction costs and lending for bi-objective portfolio selection model (14) based on possibility theory when the returns are trapezoid fuzzy number in Fig. 1.   Figure 1 . The efficient frontier with transaction costs and lending
Conclusions
Fuzzy number is a powerful tool used to describe an uncertain environment with vagueness and ambiguity to compare with the conventional probabilistic mean-variance methodology. In this paper, we have used the possibilistic means, variances and covariances to replace the probabilistic means, variances and covariances in Markowitz's mean-variance model, respectively. We propose a bi-objective programming problem with transaction costs and lending based on the possibilistic theory when the returns of assets are trapezoid fuzzy numbers.
And the bi-objective programming problem is transformed into a single objective programming problem by using constraint method. Moreover, more accurate value ranges of , Var M  (future expected return and risk) are given by constraint method in solving the single objective programming problem. Finally, a numerical example is used to demonstrate the proposed model and constraint method. The results in Table 1 and Table 2 show that the investor can obtain different investment proportional coefficient solutions as to different values of ,
Var M
 . The efficient frontier with transaction costs and lending obtained in Fig. 1 shows the fact that the more return, the more risk.
In the future, we will apply these random fuzzy portfolio selection problem and methods to other Journal of Convergence Information Technology Volume 5, Number 9. November 2010 asset allocation problems, combinational optimization models and multi-period problems, etc. The methods in this paper will allow us to solve more complicate problems under more random and ambiguous conditions.
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